This paper presents the effects of surface effects in the cavity of variable curvature. The wave function expansion method and the conformal mapping method are used in the solution of dynamic stress concentration factor around an irregularly shaped cavity at nano-scale. The stress boundary conditions on the surface are obtained by using the generalized Young-Laplace equation. The results show that the degree of stress concentration becomes more obvious with curvature increasing. Taking the elliptical cavity as an example, the influence of the ration of the major and minor axis of the ellipse, the numbers of the incident wave and the surface effects on the dynamic stress concentration factor are analyzed. The ration of the major and minor axis, the incident wave frequency and the surface effects show the pronounced effects on the dynamic stress concentration distributions.
Introduction
Nano-structured materials and nano-sized structural elements have unique mechanical and physical properties. Atoms near the surface and interface of solids have different equilibrium positions and energies from that of the bulk material.
Therefore, the surface and interface of solids display different mechanical properties compared with their bulk parts. To account for the effects of surface or interface, Gurtin et al. established the surface elasticity theory, which a surface is regarded as a negligibly thin membrane adhered to the bulk without slipping.
The presence of surface stress gives rise to a non-classical boundary condition, which shows a good agreement with directly atomic simulations [1] [2] . There- fore, at the micro-and nano-sized, the surface elasticity theory has been adopted to elucidate many phenomena. Dingreville et al. [3] addressed the surface effects on the size-dependent elastic behaviors of nano-sized structural elements. Although such size-dependency is negligible for conventional structural elements, it becomes significant when one of the dimensions of the element shrinks to nanometers. For composites containing nano-sized inhomogeneities, the accommodation of surface or interface energy predicted the size-dependent effective moduli [4] [5] . Using of surface elasticity theory, Lei et al. [6] studied the effects of surface stress on the contact problem at nanometers, in which the contact mechanical properties are remarkably different from those in bulk solids.
In fact, the surface elasticity theory can be applied not only to the statics analysis, but also to the dynamics analysis. In the framework of surface elasticity theory, the scattering of plane compressional and shear waves by a single nano-sized coated fiber and the multiple scattering by two cylinder inclusions, which embedded in an elastic matrix is studied by Ou and Lee using the method of eigenfunction expansion [7] [8]. Zhang et al. [9] used the wave function expansion method to study the effect of nano-sized arrays on the longitudinal wave diffraction in elastic media, and gave the corresponding elastic diffraction fields.
Ru et al. [10] considered the SV wave multiple scattering caused by a cluster of nano-cylindrical holes. Using the displacement potential method and the wave function expansion method, they derived the scattering field around the hole. Ou et al. [11] studied the effects of semi-cylindrical inclusions on the scattering of plane P wave in an elastic half-plane. The results show that surface energy has a significant effect on the scattering of plane P wave as the radius of the semi-cylindrical inclusions shrink to nanometers. Wang et al. [12] [13] used Gurtin's surface elasticity model to analyze the diffraction of elastic wave by a nanosized inhomogeneity, and they also demonstrated that the surface energy has a significant effect on the diffraction of the elastic wave when the cavity radius is reduced to the nanoscale.
The above only consider the effects of surface effects in the case of constant curvature. However, in the preparation process of materials, cracks, inclusions, holes and other defects with variable curvature are often brought, such as elliptical and ellipsoidal cavities. Liu et al. [14] presented the solutions of two dimensional elastic wave equations in terms of complex wave functions and general expressions for boundary conditions for steady state incident waves. Dynamic stresses around a cavity of arbitrary shape are then expressed in a series of complex domain functions. The coefficient of the series can be determined by truncating a set of infinite algebraic equations. The values of dynamic stress concentration factor for circular and elliptical cavities as two examples are given in his paper. Ou et al. [15] 
Wave Function
Assume a harmonically time-varying plane P wave propagating at an angle α with respect to the x-axis with circular frequencies ω as shown in Figure 1 . The elastic medium is defined by the Lames constants λ , µ and the density ρ .
Such an incident wave can be described by a displacement potential in the x-y plane as Based on the complex function theory, we introduce complex variables I z x y = + , Equation (1) is then transformed to the following form ( ) ( )
When the incident wave impinges upon the irregularly shaped cavity boundary, two waves are reflected from the boundary [19] . They are a P wave and an S wave, which their displacement potential functions can be expressed as follows, 
Solution of the Problem
In this section, we use the variable I η ζ ξ = + . For wave scattering problems involving noncircular boundary [20] [21], it is possible to transform the domain L external to a closed curve in the z-plane into the domain S bounded by a unit circle in the η-plane by means of the conformal mapping in Figure 2 .
The mapping function ( ) ω η of the following form [22] [23] Open Journal of Applied Sciences 
Thus the total elastic field is described by Meanwhile, the stress components rr σ , θθ σ and rθ σ in η-plane are given by [24] ( ) 
Assume that the surface adheres perfectly to the bulk material without slip- τ is the residual surface tension under unstrained condition. Generally, the surface inertia force can be neglected in Equation (14) for the dynamic problems.
In the bulk, the classical elastic theory holds, and the isotropic constitutive relation reads as
For plane strain problems, the strain θθ ε is given by ( ) The boundary conditions on the circular hole ( r a = ) with surface effects are given from Equations (12) and (13) 
Substituting of Equations (6)- (8) and Equations (9)- (11) into Equations (19) and (20), we find
n n X B = , and the elements of n ij E are presented in Appendix A.
Multiplying both side of Equation (21) by
and integrating between the interval ( )
where
We can get a set of infinite algebraic equations to determine the coefficients n A and n B . After solving the linear equation system, the coefficients n A and n B can be obtained, then the elastic scattering fields due to the incident P wave can be determined.
Numerical Results and Discussion
The dynamic stress concentration factor (DSCF) is defined as the ratio between the hoop stress along the circumference of a cavity and the maximum amplitude of the incident stress wave at the same point 0 DSCF .
For compressive incident wave, the maximum amplitude of incident stress
To illustrate the computational procedure, we consider the well-known case of a planar steady state compressive wave incident on a circular cavity. For a circular boundary, we take the mapping function as ( )
Assume a harmonic plane P wave propagating in the x-axis positive direction.
By truncating the infinite matrix in Equation (22) Figure 3 . Let 0 s = , the present nanosized circle cavity reduces to the classical cavity problem without a surface effect. These results are consistent with those in [13] .
For simplicity, we assume that the incident planar compressive wave is coming along the direction of the x-axis. The distribution of dynamic stress concentration in the neighborhood of an elliptic cavity, with semi-major axis a and semi-minor axis b can be made by choosing another mapping function ( ) . However, when 2 s = , the DSCF gets a minimum value. For the case of 0 s = , these results are consistent with those in [14] . 
Conclusion
In this paper, we have presented a method of complex functions to analyze the two dimensional problems of dynamic elasticity with non-circular geometry.
The method is applied to evaluate the dynamic stress concentration factor around a circular and an elliptical cavity. 
